University , London C alculations are carried o u t concerning th e m agnetic m o m en t of th e d euteron, th e scatterin g of n eu tro n s w ith energies u p to 20 MeV b y p ro to n s a n d th e p h o to d isin teg ratio n o f d euterons b y high energy (17 to 20 MeV) y -ray s assum ing various n o n -cen tral in teractio n s betw een n eu tro n a n d p ro to n of th e form w here o l9 o 2, t 19 t 2 are th e spin a n d isotopic spin o perators of th e p articles, r th e distan ce betw een them . F o r th re e 6 shape ' functions V (spherical well, exponential a n d Y u k aw a forms) th e co n stan ts a, g, y are determ in ed for different values of th e range r 0, so as to give co rrectly th e binding energy of th e gro u n d sta te , an d th e q uadrupole m om ent, o f th e d eu tero n a n d th e low velocity n eu tro n -p ro to n cross-section. C alculations are th e n carried o u t for chosen values of r 0 an d th e th ree form s o f th e exchange o p erato r for each shape. A com parison is m ad e o f th e ranges derived from different d a ta for each o f th e shapes considered.
Although it seems very probable th at the meson must play some essential role in the eventual theory of nuclear forces it is still far from clear what form this will take. Meanwhile it is possible to proceed in two distinct ways. One may either attem pt to seek theoretically an improved field theory from which to derive the nuclear forces or may proceed empirically to obtain information about the forces from experimental investigations. For the latter purpose it is necessary to carry out calculations of the results to be expected for a wide variety of assumptions. A considerable programme of work to this end has already been carried out, assuming the force between neutron and proton to be central in character (Massey & Bucking ham 1937; K ittel & Breit 1939; Hulthen 1943 Hulthen , 1944 Pais 1946; Frohlich, Ramsey & Sneddon 1947 and . However, the discovery of the quadrupole moment of the deuteron (Kellogg, Rabi, Zacharias & Ramsey 1939 ) directed attention to the existence of a non-central interaction between a neutron and a proton. A term of this character can be obtained from vector or pseudoscalar meson field theory but proves to be highly singular at the origin. To remove this singularity, Moller & Rosenfeld (1940) proposed a combined vector and pseudoscalar meson theory which gave a purely central interaction in the first approximation. The quadrupole terms are then supposed to arise in higher approximations. This procedure is formally convenient but awaits detailed confirmation. Moreover, the question whether the singularity does or does not reappear in the higher approximations still seems to be undecided. On the other hand, Bethe (1940) has attempted to develop a theory in which the purely central force term does not appear and the singularity in the remaining non-central force is removed by an empirical cut-off method. Apart {Received 18 M ay 1948 -Revised 30 August 1948 30i-r oa. r from the doubtful significance of the cut-off method other difficulties arise which reduce the applicability of the theory (Volkhoff 1942 ). An alternative procedure has been introduced by R arita & Schwinger (1941) which does not attem pt to follow the predictions of meson theory in any detail but merely starts from an interaction in the form of a linear combination of terms, involving the spin and isotopic spin vectors, which have the correct transformation characteristics. These terms repre sent the variation of the interaction with the total spin and with the angles between the spin and relative position vectors. They are then associated with an empirically chosen function of the distance between the particles which involves a range and intensity parameter. The constants in the linear combination, together with those specifying the range and intensity of the forces, are then to be determined from the experimental results. These include the binding energy, electric quadrupole moment and magnetic dipole moment of the deuteron, the collisions of neutrons and of protons with protons, the disintegration of the deuteron by y-rays and the binding energies of other light nuclei such as H3, He3 and He4. As the adequacy of this data grows it becomes possible to do more than determine the constants. Different sets of data may be used for this purpose and the consistency of the results obtained in these various ways may be checked. In the absence of a satisfactory check the assumed type of interaction would then have to be discarded. So far, detailed calculations on these lines have only been carried out for a limited range of experi mental conditions, for forces with a radial dependence of spherical well type with a range of 2*8 x 10_13cm. In this paper we describe an extension of this work to deal with a wider range of experimental conditions and other ranges and types of radial variation of the force.
1. A ssu m ed fo r m o f f u n d a m e n t a l in t e r a c t io n We have adopted the same general forms as those assumed by R arita & Schwinger (1941) . If Oj, o2 are the nuclear spin vector operators, xx, t 2 the corresponding iso topic spin operators and r is the relative position vector of the particles, then, in order to possess the correct transformation properties, the neutron-proton inter action must be a linear combination of the operators
We assume for the interaction the expression
where M is the mass of the nucleon and r0 is the range of the force. V(r/r0) defines the radial dependence and will be assumed to be either the 'spherical well '
the exponential function e-2* or the Yukawa potential e~xjx.
determines the exchange character and we shall consider the cases
These forms correspond to symmetrical, charged and neutral meson theory respec tively. We do not, however, use the radial dependence of the force which is given by these theories. The constant a measures the strength of the interaction, g its spin-dependent part and y the non-central force. For simplicity g and y are assumed constant.
2. E x p e r im e n t a l d a ta u s e d to d e t e r m in e t h e in t e r a c t io n co n sta n ts For an assumed shape, given by V(r/r0), there are four constants a, g, y and r0. Three relations between these constants may be obtained without ambiguity from the binding energy of the deuteron (2*19MeV), the cross-section (20 x 10~24cm.2) for collision between thermal neutrons and protons (essentially determined by the energy of the 1S state of the deuteron) and the quadrupole moment of the deuteron (2*73 x 10-27cm.2). These relations are independent of the nature of the exchange operator so they apply to all three forms.
The fourth relation can be obtained in principle from the cross-section for the scattering of medium energy (1 to 6MeV say) jjeutrons by protons, from the crosssection for disintegration of the deuteron by y-rays, from the cross-sections for collision of thermal or lower energy neutrons with parahydrogen molecules, and from the magnetic moment of the deuteron. The difficulty in the first three cases is one of obtaining sufficiently precise experimental data. On the other hand, although the magnetic moments of the proton, neutron and deuteron are now known with great precision, there is some uncertainty in the theory of the deuteron moment which makes the fourth relation derived from the magnetic moment data somewhat unreliable.
In view of this position one of the four constants, the range r0, has been treated as a variable parameter and calculations carried out for more than one range for each shape V. To assist in the choice of the values of r0 for detailed calculation, information, of a less direct character than th at discussed above, may be used (see §7).
3. D e t e r m in a t io n o p t h e co n sta n ts a, g a n d y f o r a g iv e n r a n g e 3*1. Energy levels in the non-central field
The energy levels of the two body system with an interaction energy of the forms (1)> (2) have been discussed by Bethe (1940) and by Rarita & Schwinger (1941) . The Hamiltonian commutes with the total angular momentum and with the magnitude of the total spin and is invariant against inversion. On the other hand, the orbital angular momentum and the components of the jbotal spin are not constants of the motion. The four quantum numbers specifying a state may therefore be taken as J , determining the total angular momentum, M its 2-component, S the total spin and the parity.
As $ is a quantum number the states divide into a singlet and a triplet system. For the former, as S = 0, J = l the orbital angula which is thus a true quantum number for the singlet states. This corresponds to the fact th at the non-central interactions, averaged over the spin wave function a(l) /?(2) -a(2) y?(l) for a singlet state, vanishes. The effective potential *V which determines the singlet states is therefore spherically symmetrical but, when the isotopic spin operators are present, it depends on the parity. W ith the forms (1), (2), (3) and (4) 
while for odd states we have, for interaction I 1Vodd = -3 interaction I I Wodd = -1Veven and interaction I I I F or the triplet states the problem is somewhat more complicated. We first note the effect of the isotopic spin operators on the effective interaction for states of different parity. We have now for the respective interactions I, I I and I I I 3Vodd -"PVeven, 3Vodd = -3Veven> 3Vodd = 3Veven. 
Here Ylm = -f> r ( cos 0) eim^, a normalized tesseral harmonic and Xm-th is the spin wave function which takes the usual forms:
r, d, (j> are the relative polar co-ordinates of the two particles and sv s2 their spin co-ordinates. The ratios of the constants c JlMm are determined from the condition th a t tyJM should be a proper function for the total angular momentum operator J 2, and they may be completely determined (apart from an arbitrary sign) from the normalization condition -ftf+i As there is no coupling between states of different parity the state with is not coupled to those with l -J ±1 and, for interaction III, the radial function f j j M satisfies
The same equation holds for the other two interactions if J is even, but if J is odd a(l + 2y) must be multiplied by -^ for interaction I and by -1 for interaction II.
For the cases l = J ±1 and interaction III, we have two simultaneous equations of the form
, where the coefficients tJh tJW are given by (Bethe 1940) :
The same equations hold for the interactions I and I I if J is odd but if J is even aV(rjr0) must be multiplied by -£ for interaction I and by -1 for interaction II. I t will be noted th a t in the special case J -0 the equ equation, i.e. for the 3P 0 state.
3*2. Determination of the constants a, g and y
The ground state of the deuteron is the triplet state with J m l, being a com bination of 8S and 3D terms. The differential equations for the radial functions are therefore as given by (11) 
the quadrupole moment Q of the deuteron is given by
Given the form of V and having chosen a value for the range r0, the problem is to determine a and y so that, if/0 a n d /2 are to be proper functions, 2 = 5*24 x 1024 cm.-2 and Q = 2*73 x 10-27cm.2. An iterative method of approximation, described in appendix I, was found suitable for this purpose. Figure 1 illustrates the variation of a, y and ay w potential. The full line curves have been obtained by actual numerical calculation but the dotted extrapolations are only intended to indicate general features. I t will be seen th a t for r0 < rv no real values of a and y will give a large enough quad rupole moment. For r1<r0< r2 the central force is attractive, the non-central Tsi-Ming Hu and H. S. W. Massey range of force in 10-18 cm. repulsive. As r0 approaches r2 the depth constant a tends to infinity. In the next region, r 2 < r0 < r3, the signs of the central and non-central forces are reversed. The central force decreases to zero as r0 approaches rz. Thus for this range the force is entirely non-central. Finally, for r0 > r3, both components become attractive and the importance of the non-central force decreases with increasing r0.
This general behaviour is independent of the shape of the function F(r/r0). Numerical values of a and y for the Gaussian, exponential and Yukawa potentials are given in table 2, together with results for the spherical well.
The constant g is determined by the energy of the 1S (virtual) state of the deuteron which is not affected by the non:central part of the potential. Taking the energy of the X S level as 75,000 eV (derived from the measured collision cross-section 20 x 10-24 cm.2 of protons for thermal neutrons) the values of g given in table 2 are obtained for the various cases.
T a b l e 2. I n t e r a c t io n co n sta n ts I t was assumed th at the ground state of the deuteron is a 3S + 3D-state but it is important to notice th a t this becomes inconsistent with the values of the constants if the range is too small. Thus, for the interaction I, the 3P 0 state becomes stable if r0 < 2-05 x 10-13 cm.* and would be lower than 3S + 3D for r0 < 2*02 x 10-13 cm.* For interaction I I the corresponding values are 2*52 x 10-13 cm.* and 2*48 x 10-13cm.* Interaction I I I similarly gives rise to a stable 3P X state lying lower than 3S + 3D if the range is less than about 1*9 x 10~13cm. This imposes an important restriction on the magnitude of the range which can be adopted with the interactions we have assumed.
Ma g n e t ic m o m en t o f t h e d e u t e r o n
The wave function for the ground state of the deuteron is not entirely of 3SX type but includes an admixture of 3DX component, which contributes an orbital magnetic moment. This contribution is given bỹ
where q = J f\^dx and fin, /ip are the respective magnetic moments of a free neutron and proton. qi s a measure of the proportional admixture of the 3D compo I t is given as a function of r0 for the different shapes of potential in table 2. In general q increases as the range decreases because it depends on the charge distribution at rather smaller distances than does the quadrupole moment. As a result to maintain this moment constant as the range decreases, q must be increased. I f it can be assumed th a t the intrinsic magnetic moments of neutron and proton are unaffected by their binding the total magnetic moment of the deuteron would be fij), fin and fip have recently been measured with great precision, the values obtained being, in nuclear magnetons, In order th a t these values should be consistent with (17) q must be taken as 0*04 ± 0*003. This gives for the respective ranges, in units 10~13 cm., of the spherical well, exponential and Yukawa interactions 2*8,1*6 ± 0*05 and 1*4 ± 0*05 respectively.
The difficulty about this determination of range is th a t (17) ignores the effect of the binding and of relativity on (in and fip. The first of these would be expected to arise from the distortion of the virtual meson charge round the nucleons by their mutual interaction. Reasons have been given (Villars 1947 ) why this effect might be negligible in the deuteron, but the position is still not quite definite. Even less certain (Breit & Bloch 1947; Sachs 1947; Primakoff 1947 ) is the importance of the relativistic correction due to the motion of the nucleons but it may be comparable in importance to th a t arising from the non-central force. The ranges derived above can therefore be regarded as unreliable, a t least until the theory has been fully developed.
* A detailed study of the velocity variation of the total cross-section and angular distribution for the scattering of neutrons by free protons a t rest is likely to provide information about the exchange character as well as the range of the fundamental interaction. I t is also of interest to examine the importance of the non-central terms in determining the character of the scattering cross-sections.
Tfye modifications to the usual scattering formulae due to the non-central force have\been discussed by R arita & Schwinger (1941) . When the neutron spin is antiparallel to th a t of the proton the only new feature introduced is the dependence of the scattering potential on the parity. The differential cross-section 1I(6)d(o, for collisions in which the kinetic energy E of relative motion is h2k2jM , is given by 6. T h e e l a s t ic sc a t te r in g o f n e u t r o n s b y p r o t o n s */(») = 2 (e2^1 -1) (2Z + 1 )ij(cos $) \ where is such th a t the asymptotic form of the proper solution of is fta ~ sin (kr -s + t /^).
Vis+i i® defined in the same way for forces of type I I I (neutral theory), but for forces of types I and I I V is replaced by -3F and -V respectively. The total cross-section XQ is given by
For the triplet scattering the situation is more complicated. The method of R arita & Schwinger was developed especially for application to the scattering of waves with low relative angular momentum. We shall derive the general formulae by a method which is exactly parallel to th a t employed in the theory of scattering by central forces.
We calculate first the cross-section for scattering when the component of total 'spin, resolved along the direction of incidence, is MU. The wave function describing the scattering can then be expanded in the form / 4 7 0 0 1
where FJlM is as defined in (4). The functions f J will h
(1 9 )
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The incident wave eikzXM(s) can be expanded in the form I f T is to describe the scattering correctly the sum must represent asymptotically an outgoing spherical wave. For this we must have
The differential cross-section 3IM(6) for scattering through an angle 0 into the solid angle do) is now given by
where denotes summation over the spin co-ordinates. *Qm-± i -!) 1 e'"Ui1 |2+(sa+1) l l8+<*+2> i w . w .
When the coupling terms vanish, as is the case when = and = 0, the phases y may be derived a t once from the asymptotic form of the proper solution of the differential equation io v fjJM &ndf01M. If, however, J = 1 the functions f j J+1 M, f j , j-i,m are derived as proper solutions of two simultaneous second order equations. Each function will just be obtained as a linear combination of two functions involving two undetermined constants A JM, B JM independent of l. These constants and the two phases Vj ,j +i,m > V j ,j -i ,m may be determined by the condition th at f JlM hav the asymptotic form (19) with kJlM as given in (22). In doing so a dependence of the phase yo n Mw ill be found, even though M does not appear in the appropriate coupled equations. I t is also noteworthy th at the phases derived from the coupled equations are in general complex corresponding to fluctuation of amplitude between the two states.
The cross-sections (24) and (26) must finally be averaged over the possible M values to give 3I ( 0) and 3Q the cross-sections for scattering when the neutron and proton spins are parallel. Finally, for comparison with observation the crosssections must be averaged also over the neutron spin to give
At a given neutron energy the phases y JtM will be small for such values of l th a t where r0 is the range of the force. For sufficiently low energies the only im portant phases will be those for which l -0. At any particular en the series of partial cross-sections is best for the spherical well potential owing to the absence of any interaction at long range in th a t case.
Over a large part of the neutron energy range covered by the present calculations the major contributions come from the zero and first order phases but even then a great number (about 500) of phases have to be determined to cover the variety of assumed interactions. The methods actually used in determining these are described in appendix II.
The zero order phases do not depend on the nature of the exchange operator and, being determined largely by the binding energy of the respective 3S and states of the deuteron, are fairly insensitive to the shape of the potential and to-the range for a particular shape, especially a t the lower neutron energies. On the other hand, the first order phases do depend quite strongly on all these features.
For neutrons with energy of this order and a central interaction, the P phases given by exchange forces of either type I or type II are of opposite sign to those given by ordinary forces of type I I I which are always positive. W ith non-central forces of the form assumed this is no longer the case because the 3P 0 phase for each type of interaction has the opposite sign to the remaining P phases. As it is associated with a small statistical weight it does not completely vitiate the discrimination between the predicted scattering with exchange and ordinary forces. Its influence is most marked for type II forces with a large non-central component, i.e. a short range. For the exponential and Yukawa forms of F(r/r0) it is necessary to allow for the contributions from D and even F phases.
Using the calculated phases the total cross-sections Q and angular distributions 1(6)were calculated for neutron energies of 2*13, 5*20, 13*3 and 20*8 MeV fora variety of interactions. Table 3 gives the calculated cross-sections Q. For comparison with central force theories values obtained by assuming a purely central interaction of the same range and shape, with depth adjusted to give the correct binding of the appropriate deuteron state (3S or 1S), are also given together with experimental values (Salant & Ramsey 1940; Amaldi et al. 1943; Sherr 1945; Bailey et al. 1946; Sleater 1947) whenever available. I t appears from a study of this table th at the non-central character of the force has no marked effect on the total cross-section except for ordinary forces (at the higher energies) and exchange forces of type II a t the smallest range.
Comparison with the experimental results shows clearly th at non-central inter actions of type II I predict too large cross-sections for higher neutron energies. Owing to the lack of sensitivity of the cross-section to change of range of the force for this type of interaction,* a large reduction in range is necessary to reduce the calculated cross-section to the experimental value, even in the cases of the ex ponential well and Yukawa potentials where the discrepancy is not so marked as in the case of the spherical well. Apart from other reasons against this reduction of range in the case of non-central interactions, a much smaller range will predict, * The decreases in the phases due to the reduction in range are, to some extent, balanced by the necessary increase in the non-central part of the interaction. in ©very case, too small cross-sections for low energy neutrons. For interactions of type II, it is also not possible to fit the experimental cross-sections for the neutron energy range 2 to 20MeV with a spherical well interaction because a range larger than 2-6 x 10-18 cm. is necessary a t the higher energy end and a smaller one to fit the low energy end. For the type I interaction, one can fit the experimental values tolerably well with a spherical well of range nearly 2-4 x 10~13 cm. W ith the ex ponential and Yukawa potentials, the range chosen in the calculation give good agreement with observations for both types of exchange force. More refined measure ments would be necessary to discriminate between them. The angular distribution of the scattering is more sensitive to the type of force. Table 3 gives calculated values of the ratio I(tt)II(\tt) of the scattered intensity at 180° (in the centre-of-mass system) to th at a t 90° for the same energies and assumed interactions as for Q. I t will be seen th at measurement of this asymmetry ratio offers much more hope of discrimination between ordinary and exchange type forces.
angle (degrees)
For this purpose it is clear th a t neutrons with energies not much less than 13MeV would have to be used. A t this energy and with non-central forces, the ratio for ordinary forces is much smaller than for either exchange types (except type I I with the spherical well with range 2*6 x 10-18cm. which, in any case, would seem to be excluded from the total cross-section data of table 3). Thus if the asymmetry ratio is found to be nearly equal to unity then 'ordinary' non-central forces would be excluded. I t is of interest to note from table 4 th a t this would not be so if the forces were central. Observations a t a higher energy such as 20MeV would serve to dis criminate between non-central forces of exchange type and ordinary central forces.
Detailed evaluation of the expected angular distribution function was also carried out for the various assumed interactions and table 3 gives the coefficients in the expansion of this function in powers of cos 0 for the two energies of most interest (13*3 and 20*8MeV). Insufficient experimental data are available a t present to enable much choice to be made. In figure 2 the experimental results, w ith their probable error, obtained by Powell & Occhialini (1947) are compared with various theoretical curves. These observations are definitely against assumption of an ordinary non central force but unfortunately the position is not yet so definite as this because experimental results have been reported (Amaldi et 1942) which do not agree with those illustrated in figure 2. On the other hand, measurements by Laughlin & Kruger (1948) with 12 to 13MeV neutrons do tend to favour the work of Powell & Occhialini.
P h o t o -DISTINTEGRATION OF THE DE17TERON BY HIGH ENERGY y-RA Y S
The main contribution to the cross-section for disintegration of the deuteron by high energy y-rays arises from electric dipole transitions. As the initial state is of mixed 3S + 3D type, transitions to the continuous states can take place which are wholly or partially of 3P and 3F character, the latter possibility arising only from the presence of the small 3D admixture in the ground state. As the 3F functions are very small indeed over the range of the ground state wave functions when the energy of relative motion of the disintegrated particle is not too large, we may neglect any such contributions in the present calculations.
Employing the usual perturbation formula for this process, we find for the differential cross-section 1(6) the formula 
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where f j r and f 2[r are the respective 3S and 3D components of the radial wave function for the ground state of the deuteron which is normalized to unity. p 0/r, Pzi/r are the respective wave functions for the 3P continuous states (3P 0, 3P 1, 3P 2(Jf = 0) and 3P 2(Af = ± l)).
They are normalized so th a t p ~ e~iS sin (hr + with the appropriate phase. 8 is related to the corresponding phase rj appearing in the theory of elastic scattering by the relation § _ E is the quantum energy of the incident photon, E 0 the absolute value of the binding energy of the deuteron and k2 -M(E -E 0) r\ The formulae (27) and (28) reduce to those given by R arita & Schwinger if the coupling between 3P 2 and 3F 2 waves is neglected. Since the coupling between 3P 2 and 3F 2 waves changes appreciably the phase shift for 3P 2 waves, it may effect the angular distribution of the disintegrated nucleons. In order to be certain about this point, detailed calculations havB been carried out for 17-5 MeV y-rays, using the Yukawa potential. The results were then compared with those obtained by neg lecting their coupling. I t was found th a t the inclusion of their coupling does increase the isotropic component considerably, although the change in total cross-section is much less important (see table 4). Since we are interested in the order of magnitude of this term for different types of interactions rather than its precise evaluation, it is considered sufficient for our purpose to neglect the 3P 2-3F 2 coupling in all other cases.
The result of calculations for y-rays of energy 17*5 MeV and 28*8 MeV are given in table 4. Parallel calculations with central interactions have been carried out and the results included in the same table. I t is obvious from the data given in the table th a t the inclusion of the non-central force has no remarkable effect on the total disintegration cross-sections, except a t the higher energies. The chief effect is to introduce an isotropic component in the angular distribution of the ejected particles, which in the central force case varies as sin2 6. This effect is only important for type II I interaction (ordinary force) unless the range of force is much less than any used in the present calculations. As has been pointed out by Rarita & Schwinger, this difference in angular distribution can be used as an effective means of discriminating between interactions of type II I and those of exchange type (I and II). Measurements of total cross-sections will also provide valuable confirmatory evidence in this respect as the ordinary force theory predicts a smaller cross-section than those predicted by forces of type I and II. Discrimination between type I and II interactions would be much more difficult and could not be carried out by photo-disintegration experi ments alone, because the predicted angular distribution by these two types of inter actions varies considerably with different ranges and shapes of the potential wells, the ranges of these variations nearly overlapping each other. However, precise empirical knowledge in this respect is still very valuable as confirmatory evidence on the nature of nuclear forces. At the time of writing no such experimental evidence is available. In view of the availability of betatron sources, it seems likely th at detailed experimental information in this respect will be forthcoming in the near future. 
Application of the method to determine a and
For the interaction assumed in this paper
U(r)~{l+ySlt)V(r).
To ensure rapid convergence, < j)Q is calculated from the equation 
-i > '> ] V (r')dr\ fn^r) = r*It ( e r ) j\'> K t( e r ') y s rf n_li0(r') + ( l -2y ) f^u t(r')]V(r')dr'
where I and K are Bessel functions of first and second kind with imaginary argu ments. (The notation is th a t used by Watson 1944.) The wth approximations for a and y are given by the relations an = \ j < * +/W dr I J(/n-1,0 +/«-1,*) , r2 fr2(V2 fn, 0 /n, 2 ~ £/», 2) dr
The second relation is the condition for the deuteron to have the correct electric quadrupole moment. I t is to be noted th a t a simple justification of the general formulation (a) is possible only when y is kept constant throughout the iteration processes. The procedure given here is reliable only when the variations of in the successive approximations are not very large.
In the case of the spherical well interaction, F(r) vanishes outside the range of the force. Inside the range of the force, the interaction is much larger than the binding energy of the deuteron. To take the full advantage of these circumstances, a slightly modified procedure has been used. Referring to the differential equations (13), the solutions/0 a n d /2 now satisfy the integral equations fo(r) ~ ( a -e 2)^x f 0dx + r jf0dx\ + 2<]2y a^x f 2dx + r j , 5/ 2(r) = J S y a \r -* jx * f0d x + r * j a;-2 / 0da;j + (a(l -2y) -e 2} jr~2
J x~2 f 2dx^ + c2r3,
36)
for r < l . These functions must be joined smoothly to the solutions outside the range, viz.
The conditions for a smooth joint a t 1 are ee-6, ca = -| ( e 2+ e8)^e-«, (1+e)e~* = (a -e2) J xf , g e^j^l + e + l -j + ^ + e^J = V8 J Q xzf 0dx + {a( 1 -2y) -e2} x% dx.
The simultaneous integral equations (36) are again solved by an iteration method. The constants a, y and q are determined for each approximation by the last two equations of (37) and the second equation of (35). The initial functions for the iteration were taken to be , sin&r , / , e2\ sin&r where k is given by k cot k --e. As an illustration of the convergence of the method described above, the value of a and y obtained by successive approximation for three different potential wells are given in table 6. II. Calculation of the phases In the present work, over 500 phases had to be calculated. We shall give only a brief sketch of the methods used in these calculations.
The various continuous states can be divided into coupled and uncoupled states. The phases for a pair of coupled states are determined by the simultaneous differ ential equations (11) and the asymptotic conditions (19) and (22). For uncoupled states, a single differential equation and the usual asymptotic form sin ( -\ln + is sufficient to determine the phase i\v a.
The uncoupled states All singlet states and the triplet states with are uncoupled states. To these one may add those states with l -J -l when their coupling with states = + 1 can be neglected. W ithin the energy range considered in this paper, the coupling of 3P a and 3F 2 states can be neglected in the case of a spherical well interaction since the F -wave does not rise to sufficient amplitude within the range of force to perturb seriously the P-wave coupled with it. For Yukawa and exponential wells, the couplings between 3F 4 and 3H4, and 3G5 and 3I 5 states can be neglected.
The differential equation for an uncoupled state is
For the spherical well case, the phase % is given by tan 7 jj = ( -1)* AJIij,
( " )* * -< * > ■ For other potentials rj0 was calculated by numerical integration of (37), and, for l^ 2 ,9/j was calculated by B om 's approximation
To calculate ylt the simplest version of H ulthen's method (Hulthen 1944) has been used. As is well known, the phase r/j is related to the wave function by the formula a C00
If we replace/j by gx we obtain (39). Writing f x now in the form fi = 9i(kx) cos % + s i n %.
(41) Substituting in (40), and solving for Tfo, gives
According to Hulthen, h^x) can be put approximately in the form has been used. The adequacy of this method can also be tested by this relation. As a further check to this method, numerical integrations have been performed for several cases. The results are given in table 7. I t is of interest to notice th a t an interpolation formula for rjj can be derived from (42) by expanding h(x) as a power series in a. We get, then, (rh(B) cot 7 h -1) = c1a + c2a2 + c3a3+ ..., (4 where cx, c2, etc. are coefficients depending on the value of only. W ith two or three coefficients determined by known values of ijt (45) represents a quite accurate relation between a and %. We have used this formula to check our numerical calculations.
The coupled states
For the coupled states 3SX and 3DX , in the case of the spherical well, the differential equations (11) were solved by series expansion. For other shapes of potential, direct numerical integrations of the simultaneous differential equations was em ployed. (We are indebted to the Scientific Computing Service for this numerical work.)
For other states, the following approximate methods were used. The wave func tions fj-xix), f J+1(x) are connected with the phases by the relationŝ 
Substituting (48) into (46), we obtain a pair of simultaneous equations from which 7 / J+1 and ij j_ x can be determined. As a check of the accuracy of the method, numerical integration has been performed for a single case with a Yukawa well interaction. The results, together with those obtained from both Bom 's approximation and the modified version are given in table 8. We are indebted to the Government Grant Committee of the Royal Society for a grant which enabled us to obtain the assistance of the Scientific Computing Service who provided the numerical solution of certain coupled equations occurring with the exponential and Yukawa interactions.
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